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Abstract 

An n-dimensional Hartogs domain Dp with strongly pseudoconvex 
boundary can be equipped with a natural Kahler metric gp. This 
paper contains two results. In the first one we prove that if gp is an 
extremal Kahler metric then (Dp,gp) is holomorphically isometric to 
an open subset of the n-dimensional complex hyperbolic space. In the 
second one we prove the same assertion under the assumption that 
there exists a real holomorphic vector field X on Dp such that (gp, X) 
is a Kahler-Ricci soliton. 

Keywords: Kahler metrics; Hartogs domain; extremal metrics; 
Kahler-Ricci solitons; generalized scalar curvatures; canonical metrics. 

Subj. Class: 53C55, 32Q15, 32T15. 

1 Introduction and statements of the main results 

The study of the existence and uniqueness of a preferred Kahler metric on 
a given complex manifold M is a very interesting and important area of 
research, both from the mathematical and from the physical point of view. 
Many definitions of canonical metrics (Einstein, constant scalar curvature, 
extremal, Kahler-Ricci solitons and so on) have been given both in the 
compact and in the noncompact case (see e.g. [2], [15] and [24]). In the 
noncompact case many important questions are still open. For example 
Yau raised the question on the classification of Bergman Einstein metrics 
on strongly pseudoconvex domains and S.-Y. Cheng conjectured that if the 
Bergman metric on a strongly pseudoconvex domain is Einstein, then the 
domain is biholomorphic to the ball (see [13]). 

In this paper we are interested in extremal Kahler metrics and Kahler- 
Ricci solitons on a particular class of strongly pseudoconvex domains, the 
so called Hartogs domains (see the next section for their definition and main 
properties). 

1 The authors were supported by the M.I.U.R. Project "Geometric Properties of Real 
and Complex Manifolds". 



Our main results are the following theorems. 



Theorem 1.1 Let (Dp, gp) be an n- dimensional strongly pseudoconvex Ear- 
togs domain. Assume that gp is an extremal Kahler metric. Then (Dp,gp) 
is holomorphically isometric to an open subset of the n-dimensional complex 
hyperbolic space. 

Theorem 1.2 Let (Dp, gp) be an n-dimensional strongly pseudoconvex Ear- 
togs domain and let X be a real holomorphic vector field on Dp such that 
(gp,X) is a Kahler-Ricci soliton. Then gp is Kahler-Einstein. Conse- 
quently, (Dp,gp) is holomorphically isometric to an open subset of the Tri- 
dimensional complex hyperbolic space. 

Notice that (compare with Cheng's conjecture above) the assumptions 
on the metric gp in Theorem 1.1 and Theorem 1.2 are weaker than Einstein's 
condition. To this regard it is worth pointing out that when gp equals the 
Bergman metric on Dp, then (Dp,gp) is holomorphically isometric to an 
open subset of the complex hyperbolic space (see Theorem 1.3 in [10] for a 
proof). 

The paper is organized as follows. In the next section, after recalling the 
definition of Hartogs domains, we analyze their pseudoconvexity, and we 
prove a lemma regarding their generalized scalar curvatures. Sections 3 and 
4 are dedicated to the proofs of Theorem 1.1 and Theorem 1.2 respectively. 

2 Strongly pseudoconvex Hartogs domains 

Let xq € K + U {+00} and let F : [0, xq) — ► (0, +00) be a decreasing contin- 
uous function, smooth on (0, so). The Eartogs domain Dp C C n associated 
to the function F is defined by 

Dp = {(z , zi,..., z n _i) G C n I I ^0 1 2 < x , N 2 + ■ ■ ■ + \z n -i\ 2 < F(|z | 2 )}- 

One can prove that the assumption of strongly pseudoconvexity of Dp is 
equivalent (see Proposition 2.1 below) to the fact that the natural (1, l)-form 
on Dp given by 



uj f = -ddlog 
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(1) 



F(\zo\ 2 ) ~ \zi 
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is a Kahler form on Dp. The Kahler metric gp associated to the Kahler 
form oof is the metric we will be dealing with in the present paper. Observe 
that for F(x) = 1 — x,0 < x < 1, Dp equals the n-dimensional complex 
hyperbolic space CH n and gF is the hyperbolic metric, i.e. gF = ghyp- I n 
the 2-dimensional case this metric has been considered in [11] and [21] in 
the framework of quantization of Kahler manifolds. In [20], the first author 
studied the Kahler immersions of (Dp,gp) into finite or infinite dimensional 
complex space forms, [9] is concerned with the existence of global symplectic 
coordinates on (Dp^oop) and [10] deals with the Riemannian geometry of 
(Dp,gp) ( m particular in this paper one can find necessary and sufficient 
conditions in terms of F for the completeness of the metric gp). 

Proposition 2.1 Let Dp be a Hartogs domain in C n . Then the following 
conditions are equivalent: 

(i) the (1, l)-form ujf given by (1) is a Kahler form; 

(ii) the function — X p^) * s strictly increasing, namely — ( X p^) ) > for 
every x G [0, Xo); 

(Hi) the boundary of Dp is strongly pseudoconvex at all z = (zo, z±, . . . , z n -±) 
with \zq\ 2 < xq ; 

(iv) Dp is strongly pseudoconvex. 



Then ujp is a Kahler form if and only if the real- valued function $ = 



Proof: (i) 44> (ii) Set 



A = F(\z \ 2 )-\ Zl \ 2 |z n _i 



(2) 



— log A is strictly plurisubharmonic, i.e. the matrix g a ^ = ( 
0, . . . , n — 1 is positive definite, where 



d 2 <S> 



),a,/3 = 



dz a dzp 



n-1 




(3) 



a,/3=0 




(M 2 )M 
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and 



d 2 $ 5 af3 A + ZgZg 



A 2 



, a, /3 = 1, . . . , n — 1. 



dzadzp 
Then, by setting 

C = F' 2 (|z | 2 )No| 2 - (F"(M 2 )M 2 + F'(\z f))A, 



(4) 



one sees that the matrix h = (g a p) = { d fJ 2 ) Q ,/j=o,..,n-i is given by: 



-F'z Z! A+| Zl | 2 

\ —F'zQZ n -i Z\Z n -\ 



-F'z z a . . . -F'z z n -i \ 
z\z a ... z\z n -\ 



A+ \z 



(5) 



z a z n -i ••■ A+|z„_i| 2 / 



First notice that the (n — 1) x (n — 1) matrix obtained by deleting the 
first row and the first column of h is positive definite. Indeed it is not hard 
to see that, for all 1 < a < n — 1, 



A + \Za\ Za.Za+1 



Z n Z- 



,-1 \ 



det 



A n ~ a + A n - a - l {\z a \ z + ■ ■ ■ + \z, 



n— 1 



> 0. 



(6) 

On the other hand, by the Laplace expansion along the first row, we get 
det(/i) 



(■ [A n-l +A n-2 ( | Zi |2 + ... + | Zn _ i |2 )] + 



/ —F'zqzi z 2 z\ 
F'z z 2 A + \z 2 \ 2 



Zn-lZl \ 
Z n -\Z2 



+ ••• + 



\ -F'zqZu-X Z 2 Z n -i ... A+\z n -i\ 2 ) 



/ -F'zqZi A + \zi\' 
-F'z z 2 z x z 2 

\ -F'zQZn-X ZiZn-! 



Z n -2Z\ \ 
Z n -2Z 2 

Z n -2Z n -l ) 
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c_ 



-[A n -' + A n - 2 (\z 1 \-' + --- + \z n ^)}+ 



p/2|, |2u |2 

H -pr- det 



/ -1 Z 2 

-z 2 A+\z 2 \ 2 



Zn-l \ 



+ ••• + 



\ -z n -i z 2 z n _i ... A + \z n _i\ 2 J 



+(-1) 



n-r F0| Fn- 



■det 



/ -zi A + \ Zl \ 2 

-Z 2 ZlZ2 



\ 



z\ 



Z n -2Z\ \ 
Zn-2Z 2 

Zn-2 J 



J^n+2 



[CA + (C - F' 2 \z \ 2 )(\ Zl \ 2 + ■■■ + |z„_i| 2 )]. 



By substituting (2) and (4) into this last equality one gets 



det(h) = - 



xF> 
A»+i [~F 

<9 2 4> 



lx=|2 | 2 



(7) 



Hence, by (6) and (7), the matrix ( q S/3 ) is positive definite if and only 

if (^)'<o. 

Before proving equivalence (ii) 44> (iii) we briefly recall some facts on 
complex domains (see e.g. [16]). Let Jl C C be any complex domain of 
C n with smooth boundary dQ, and let z 6 cftl Assume that there exists a 
smooth function p : C n — ► R (called defining function for at z) satisfying 
the following: for some neighbourhood U ofz,p<0onf7nO,p>0on 
U\£l and p = on U H <9f2; grad p 7^ on 317. In this case 317 is said to be 
strongly pseudoconvex at z if the Levi form 



n-l 



L(p,z)(X)= 



a,/3=0 



8 2 p 

dz a dz/3 



is positive definite on 



n-l 



s P = {{x , . . .,x n -i) e c n I Y^( z )x a = o} 



a=0 



dz a 



5 



(it is easily seen that this definition does not depend on the particular defin- 
ing function p). 

(ii) 44> (Hi) Let now f2 = Dp and let us fix z = (zo,zi, . . . ,z n -i) G dDp 
with \z \ 2 < xq. Then, \z\\ 2 -\ + |z n _i| 2 = F(\z \ 2 ). In this case 

p(zo,zi, . . .,z n -i) = \zi\ 2 H h |^„-i| 2 - F(\z \ 2 ) 

is a (globally) defining function for Dp at z, the Levi form for Dp reads as 

L(p, z)(X) = \ Xl \ 2 + ... + \X n ^\ 2 - (F' + F"\z,\ 2 )\X \ 2 (8) 

and 

S p = {(X , X u . . . , X n _i) eC" | - F%X + + • • • + Zn-xX n -x = 0}. 

(9) 

We distinguish two cases: zq = and z / 0. At z = the Levi form 
reads as 

L(p,z)(X) = \X 1 \ 2 + --- + \X n _ 1 \ 2 -F'(0)\X \ 2 

which is strictly positive for any non-zero vector (Xo,X±, . . . ,X n -i) (not 
necessarily in S p ) because F is assumed to be decreasing. 

If z ^ by (9) we obtain X = which, substituted in 

(8), gives: 

L(X, z) = \X 1 \ 2 + - • . + \X n ^\ 2 - F 't^'^f + - ■ ■+z n -iX n - l \ 2 . (10) 

t *\Zo\* 

Therefore we are reduced to show that: 

(xF'/F)' < for x G (0,xo) if and only if L(X,z) is strictly positive 
for every (X x , . . . , X n _{) / (0, . . . , 0) and every (z , Zi,..., z„_i) € dDp, 
< \z \ 2 < Xq. 

If {xF'/F)' < then (F' + xF")F < xF' 2 and, since F(\z \ 2 ) = \ Zl \ 2 + 
h \z n -i\ 2 , we get: 

L(X, z) > |Xi| 2 + • • • + |X n _!| 2 - -J-—\z 1 X 1 + ■■■ + z n _iX„_i| 2 = 

F(\z \ 2 ) 

_ (|Xi| 2 + • • • + |X n _i| 2 )(|zi| 2 + • • • + |2 TO _!| 2 ) - \ziXi + ■■■ + Z n _iX n _i| 2 

\zi\ 2 H h \z n -i\ 2 

and the conclusion follows by the Cauchy-Schwarz inequality. 
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Conversely, assume that L{X, z) is strictly positive for every [X\, . . . , X„_i) / 
(0, . . . , 0) and each z = (zq, z\, . . . , z n -i) such that F{\zq\ 2 ) = \z\\ 2 + ■ ■ ■ + 
|z„_i| 2 . By inserting (X ± , . . . ,X n _i) = (z±, . . .,z n -i) in (10) we get 

L(z,z) = F(\z \ 2 ) ^- F 'pl^f n\zz\ 2 )) >0 

which implies (xF 1 /F)' < 0. 

Finally, the proof of the equivalence (ii)-o-(iv) is completely analogous to 
that given in [11] (Proposition 3.4 and Proposition 3.6 ) for the 2-dimensional 
case, to which the reader is referred. □ 

Remark 2.2 Notice that the previous proposition is a generalization of 
Proposition 3.6 in [11] proved there for the 2-dimensional case. 



Recall (see e.g. [18]) that the Ricci curvature and the scalar curvature of 
a Kahler metric g on an n-dimensional complex manifold (M,g) are given 
respectively by 

d 2 

Ric Q ^ = -^-^(logdet(/i)), a,0 = O,...,n-l (11) 

and 

n-l 

seal, = 9^RKp, (12) 

a,/3=0 

where g@ a are the entries of the inverse of (g a s), namely ^2™=o 9^ a 9an = ^87- 
When (M,g) = (Dp,gp), using (5) it is not hard to check the validity 
of the following equalities. 

9°~° = ±F, (13) 
gP~ = ^F'z zp, 0=1,..., n-l, (14) 
gf>* = ^(F' + F"\zo\ 2 )z a z , a + 0, a,0=l,...,n-l, (15) 
gPP = ± [B + {F' + F"\z \ 2 )\zp\ 2 ), 0=1,..., n-l, (16) 
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where 

B = B(\z \ 2 ) = F' 2 \z \ 2 ~ F(F' + F"|z | 2 ). 

Now, set 

L(x) = —{x4- \og{xF' 2 - F(F' + F"x))}. 
ax ax 

A straightforward computation using (7) and (11) gives: 

Ric o0 = -L(|zo| 2 )-(n + l) 5o0 , (17) 

Ric a) g = -(n + l)0 aj g, a>0. (18) 
Then, by (12), the scalar curvature of the metric gp equals 

scal 9F = -L(M V° - (n + 1) ]T g^g a$ = -L(\z \ 2 )g°~ - n(n + 1), 

a,P=0 

which by (13) reads as 

scal ffF =-—FL-n(n+l). (19) 

We conclude this section with Lemma 2.3 below which will be used in 
the proof of our results. This lemma is a generalization of a result proved 
by the first author for 2-dimensional Hartogs domains (see Theorem 4.8 in 
[21]). We first recall the definition of generalized scalar curvatures. Given 
a Kahler metric g on an n-dimensional complex manifold M, its generalized 
scalar curvatures are the n smooth functions po,. . . ,p n -i on M satisfying 
the following equation: 

det{g a p + tRic a p) ' ] 



det(g a g) 



l + 5>*/ + \ (20) 

k=0 

where g a s are the entries of the metric in local coordinates. Observe that 
for k = we recover the value of the scalar curvature, namely 

po = scal 9 . (21) 

The introduction and the study of these curvatures (in the compact case) 
are due to K. Ogiue [23] to whom the reader is referred for further results. 
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In particular, in a joint paper with B.Y. Chen [1], he studies the constancy 
of one of the generalized scalar curvatures. Their main result is that, under 
suitable cohomological conditions, the constancy of one of the Pk's, k = 
0, . . . , n — 1, implies that the metric g is Einstein. 

Lemma 2.3 Let (Dp,gp) be an n- dimensional Hartogs domain. Assume 
that one of its generalized scalar curvatures is constant. Then (Dp,gp) is 
holomorphically isometric to an open subset of the n-dimensional hyperbolic 
space. 

Proof: By (17), (18) we get 



det(g n 3 + tRic n 3) AF 

Z {gaf) = p - <" + »w - - <- + w-v 

So the generalized curvatures of (Dp,gp) are given by 



p k = (n+l) k {-\ 



xk+l 



n — 1 
k 



n(n + 1) AFL 
k + l + B 



, fc = 0,...,n-l. (22) 



Notice that, for k = 0, we get po = —^5^ — n(n + 1) = scal SF , (compare 
with (19)) in accordance with (21). 

Thus, pk is constant for some (equivalently, for any) k = 0, . . . , n — 1 if 

• • — |z n _i| 2 depends 



and only if is constant. Since A = F(\zo\ 
on zi, . . . , z n -i while ^ depends only on zq, this implies that L = 0, i.e. 



x-^- log(xF' 2 -F(F' + F"x)) 
dx 



= 0. 



x=|z | 2 



Now, we continue as in the proof of Theorem 4.8 in [21] and conclude 
that F{x) = c\ — C2X, x = \zo\ 2 , with c\,C2 > 0, which implies that Dp 
is holomorphically isometric to an open subset of the complex hyperbolic 
space CH n via the map 



4>: Dp -> CfF\ (z , zi, ■ ■ ■ , Zn-i) 1 ^ — 7==> -7=' • • • > ~T= • 

VV^/c2 vcT vcT/ 

□ 
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3 Proof of Theorem 1.1 



Extremal metrics were introduced and christened by Calabi [4] in the com- 
pact case as the solution for the variational problem in a Kahler class defined 
by the square integral of the scalar curvature. Therefore they are a gen- 
eralization of constant scalar curvature metrics. Calabi himself constructs 
nontrivial (namely with nonconstant scalar curvature) metrics on some com- 
pact manifolds. Only recently extremal Kahler metrics were rediscovered by 
several mathematicians due to their link with the stability of complex vector 
bundles (see e.g. [3], [8], [14], [19] and [22]). Obviously extremal metrics 
cannot be defined in the noncompact case as the solutions of a variational 
problem involving some integral on the manifold. Nevertheless they can be 
alternatively defined (also in the noncompact case) as those metrics such 
that the (l,0)-part of the Hamiltonian vector field associated to the scalar 
curvature is holomorphic. Therefore, in local coordinates an extremal metric 
must satisfy the following system of PDE's (see [4]): 



for every a, 7 = 0, ...,n — 1. Notice that in the noncompact case, the 
existence and uniqueness of such metrics are far from being understood. 
For example, only recently in [6] (see also [7]), it has been shown the ex- 
istence of a nontrivial extremal and complete Kahler metric in a complex 
one-dimensional manifold. 

Proof of Theorem 1.1 In order to use equations (23) for {Df^f) we write 
the entries g^ by separating the terms depending only on zq from the other 
terms. More precisely, (13), (14), (15) and (16) can be written as follows. 



5 05 =P 00 + Qoo(kl| 2 + --- + kn-l| 2 ), 

g 0a = z z a [P a + Qoo(ki| 2 H \- l^n-il 2 )], a = 1, . . . ,n- 1, 

g a " = F + P aa \z a \ 2 - (1 + Qaa\z a \ 2 ) N 2 - Raa\z a \ 4 , a = 1, . . . ,n - 1, 




(23) 
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g> 3a = zpz a [P ab + Q ab (\z l \ 2 + --- + \z n _ l \ 2 )}, a^(3, a,(3 = 1, . . . ,n - 1, 
where 

F 2 F 
Poo = -g-, Qoo = — "g! 

F'F F' 
_ F(F' + F"|z | 2 ) F^+F^qP 

aa — g J-j ^Taa — -Kaa — g j 

F^' + F'^ol 2 ) n F' + F"\z \ 2 

*ab — g j ^cab — g 

are all functions depending only on \zq\ 2 . 
We also have (cfr. (19)) 

scal 9F = -n(n + 1) + G(F - \ Zl \ 2 \z n . x | 2 ) (24) 

where 

G = G(|zoH 



|2 , _ L(\z \ 2 )F(\z \ 2 ) 



B(\z \ 2 ) • 

Assume that gp is an extremal metric, namely equation (23) is satisfied. 
We are going to show that scal 9F is constant and hence by Lemma 2.3 
(Dp,gp) is holomorphically isometric to an open subset of (CH n , gh yp )- In 
order to do that, fix i > 1 and let us consider equation (23) when g = gp 
for a = 0, 7 = i. 

We have 

ds Ca i gF = p + ^ GF/ 



dz 

d seal 



<7F 



So, equation (23) gives 



= -Gm. 
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d_ 

dzi 



n-l 



Poo + Qoo ^2 



Zk\ 



k=l 



n-l 



G'z (F-J2\zk\ 2 )+z GF' 



-z G 



n-l 



Poa 



k=l 



k=l 
n-l 



£n 2 =o, 



k=i 



namely 



Qoo z i 



n-l 



G'z (F-Y,\zk\ 2 ) + zoGF> 



k=i 



- G'zoZi 



n-l 



'00 



+ Q00Y, 



Zk\ 



k=l 



n-l 



-Z GQ 0a Zi ^ \z k \ 2 - ZQZiG 



k=l 



n-l 



Poa + Q0a^2\z k \ 



k=l 



Deriving again with respect to Zi, we get 

-2Q 00 G'z zf - 2GQ 0a z z 2 = 0. 



Let us assume zqZ{ / 0. This implies Q00G' + GQo a = 0, i.e. GF' + FG' = 
or, equivalently, G = -p- for some constant c£R. The proof of Theorem 1.1 
will be completed by showing that c = 0. In fact, in this case G = on the 
open and dense subset of Dp consisting of those points such that zqZ{ / 
and therefore, by (24), scal 9F is constant on Dp. In order to prove that 
c = 0, let us now consider equation (23) for a = i, 7 = i. 



_d_ 

dzi 



ZQZi 



n-l 



G'z (F-Y,\zk\ 2 ) + GF f z 



k=i 



n-l 



Poa + Qoa ^2 



Zk\ 



k=l 



-Gzi 



F + P aa \Zi\ 2 " (1 + Qaa\Zi\ 2 ) ^ \z k \ 2 - R a 

k^0,i 



-Gzi J2 \ z k\ 2 

k^0,i 



n-l 



Pab + Qab ^2 l Zfc l 



k=l 



0. 
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This implies 



n-1 



Oa 



Zk\ 



k=l 



+z Zi Q, 



Oa 



n-l 



G'z (F-^2\z k \ 2 ) + GF , z 



k=l 



-P aa Gz 2 + Gz 2 Q aa £ |z fc | 2 + 2Gz z i z i R aa - Gz 2 Q ab \zk?- 

If we divide by z 2 (we are assuming z\ / 0) and derive again the above 
expression with respect to Zj we get 

— G'\zo\ 2 QQ a + GR aa = 0. 

By the definitions made at page 11 this is equivalent to 
G'F'\z \ 2 + G{F + F"\z \ 2 ^ 



B 



= 0, 



i.e. (GF'x)' = 0, x = \zq\ 2 - Substituting G = ^ in this equality we get 
c (E!*y = o. Since (^?)' < (by (ii) in Proposition 2.1) c is forced to be 
zero, and this concludes the proof. □ 



4 Proof of Theorem 1.2 

A Kdhler-Ricci soliton on a complex manifold M is a pair (g, X) consisting 
of a Kahler metric g and a real holomorphic vector field X on M such that 

Ric 9 = A g + L x5 , (25) 

for some A 6 R, where Lxg is the Lie derivative of g along X, i.e. 

(L x g)(Y, Z) = X(g(Y, Z)) - g([X, Y],Z)- g(Y, [X, Z]), (26) 

for Y, Z vector fields on M. A real holomorphic vector field X is the real 
part of a holomorphic vector field, namely, in local complex coordinates 
(zq, . . . , z n -i) on an open subset U C M, 



k=0 7 



(27) 
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for some holomorphic functions f k , k = 0, . . . , n — 1 on U. 

We refer the reader to [5], [25], [26] for the existence and uniqueness of 
Kahler-Ricci solitons on compact manifolds and to [12] for the noncompact 
case. Kahler-Ricci solitons generalize Kahler-Einstein metrics. Indeed any 
Kahler-Einstein metric g on a complex manifold M gives rise to a trivial 
Kahler-Ricci soliton by choosing X = or X Killing with respect to g. 
Obviously if the automorphism group of M is discrete then a Kahler-Ricci 
soliton {g, X) is nothing but a Kahler-Einstein metric g. 

Our Theorem 1.2 asserts that a Kahler-Ricci soliton (gp,X) on a pseu- 
doconvex Hartogs domain Dp is necessarily trivial. Notice that the auto- 
morphism group of Dp is not discrete (see also [17]). 

Proof of Theorem 1.2 Let (gp, X) be a Kahler-Ricci soliton. By applying 
both sides of (25) to the pair (^, ^) and taking into account (17) one gets: 

-L(\z \ ) = + E [f*-Q^ + J + W %~ k ) (28) 

fc=0 K 7 fc=0 v 7 

where 



7 = A + (n + l). (29) 



By (5), we have 



= C k (f k z k + /fcZfc) + C(^o + 0o ) - F' ^2 f z ^ k ~Q^~ + ^ Zk ~Q^~ 

k=0 k=l ^0 



(30) 



where we have set C = -A 2 L - jC, C k = A 2 ^- (x k = \z k \ 2 ) and cp = 
(A and C are given by (2) and (4) respectively). 

Now, by applying the operator qi z _qi 2 _ (i = 1, . . . , n — 1) to both sides 
of this equation we get 



-4L = \^ g ^(/ fc * fc + A * fc ) + 2 ^^(M fc + ^j + 

— /c — 
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^d^Ckd^fk n ^ d 2 c k d 2 f k _ ^ dc k d 2 h x 

+ dzf dz? Zk + 2^ g z 2 Zk + Z^ 2 O lk + 

fe=0 1 fe=0 1 fe=0 

d 3 C g^o #C9^o d 2 C a 2 0o 
dzidzi 2 dzi dz~i 2 dzf dzf dzi 2 ' 

Since C and Cfc are rotation invariant, by evaluating the previous expression 
at z\ = ■ ■ ■ = z n ~i = and taking into account that 

dzfdzi 2l{zi= - =Zn - 1=0} F3' 
PC* , _ 

a^ai-i l{zi= - =z "- l=0} ~ f 2 ' 
l {zi= ... =Zn _ 1=0} -o, 



we have 



■p/3 j?l2 
L = 2xy^(f z + fozo) - 2x-p I {<i)i + 4>i), (31) 



where <fo = 



Now, let i = 1, . . . , n— 1. By applying both sides of (25) to the pair (^-, -J^) 
one gets 



7 = X, (A^ + h Wk )+Y. {o^m + ^ J (32) 



k=0 s ' k=0 

where 7 is given by (29). By (5) and (18) this means 



12 ™ _1 



-7 - ^A- 3 [2|z 4 | 2 +^(l + <5 lfc )](.f fc z fe + / fc z fc ) 



,4 2 

fe=i 



- A- 3 F'(2\ Zl \ 2 + A)(f z + foz ) - J + §f ) - 



1 ^ 



^(zfcz, + + ^-(z k z t + 5 kt A) 



A 2 

fe=i 



(33) 
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If we evaluate both sides of this equation at Z\ = ■ ■ ■ = z n -\ = we get 

-IF = -F'(f z + f oZo ) + F(& + (34) 

Moreover, by multiplying equation (33) by A 2 , by applying the operator 
Qz. dz . to both sides and evaluating at z\ = ■ ■ ■ = z n -\ = one gets 

= -y(/ o ^ + /o*b) + (& + &)■ (35) 

Finally, by comparing (31) with (35), one gets L = and hence, by the 
proof of Lemma 2.3, (Dp, Qf) is holomorphically isometric to an open subset 
of (CH n ,gf iyp ) and we are done. (Notice that equations (34) and (35) yield 
7 = and by (25) with gp = g^yp one gets that X is a Killing vector field 
with respect to gh yp , as expected). □ 
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